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I. INTRODUCTION 


At the end of the 1960s there were performed at the Stanford Linear Accelerator Center 
(SLAG) a series of experiments in which electrons with energy above 21 giga electron- 
volts (GeV) were directed towards “ proton-targets ” and as a result of this scattering were 
produced a variety of hadronic hnal states. This type of scattering is known as deep inelastic 
scattering (DIS). This scattering has immense importance in high energy physics, because 
was through it that was revealed the internal structure of protons. 

This scattering is called deep because it occurs in high energy and it is inelastic because 
the resulting particles are different from the initial state. The hgure 1 shows a pictorial 
representation of a deep inelastic scattering between a lepton exchanging a virtual photon 
of momentum q and one target hadron with momentum P. X represents the various other 
hadrons that can be produced from the collision. 



Figure 1: Deep inelastic scattering between a lepton and one target hadron. 

The important parameters for the DIS are the virtuality of the photon, given by = 
with metric signature 7]^'^ = -f,-b), and the Bjorken variable x, 

dehned by x = —q^/2.P.Q 

Some other parameters are also relevant, such as the mass M of the initial hadron, such 
that = —P^, and the squared center-of-mass energy, s = —Px = —{P + qY- The 
condition s > dehnes the range of Bjorken variable x, such that 0 < x < 1. Strictly 

speaking, both for the DIS, and for other processes, the incoming electron corresponds to the 
—)■ cx) limit with x hxed. In the DIS case the Bjorken variable itself dehnes the inelasticity 
of scattering. 
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The differential cross section for DIS can be written as 


da oc 


cy 

^4 ^electron iJ-i' 


( 1 ) 


where a is the fine structure constant, Lelectron leptonic tensor and W^y is known as 

the hadronic tensor and is the quantity of interest here. Assuming that the initial hadron 
state is not polarized, the hadronic tensor has the following form [1] : 


= dS e^^-y{P, Q\[J'^{y), J"(0)]|p, Q) 


( 2 ) 


where |P,Q) represents a normalizable hadronic state with 4-momentum and electric 
charge Q of the initial hadron and is the electromagnetic hadronic current. 

Using the gauge invariance, = 0, and Lorentz covariance the tensor in ([^ can be 

decomposed as follows: 


= lUi - 




2a;, 


qh 


+ -^W2 ^ P" + ^ 


q^ 


(3) 

q^ J q^ V y V y 

where lUi(a;,g^) e W 2 {x,q^) are called the structure functions. These functions describe the 
distribution of momenta of the quarks inside the protons. 

For the particular regime where x ~ 0.5 and ~ 1 (GeV)^ there is an approximate 
relation between these functions known as the Callan-Gross relation 


W 2 {x,q^) ^ 2xWi{x,q^). (4) 

Using the optical theorem one can relate the tensor through the imaginary part of 
the forward Gompton scattering, describe by the tensor: 

= dS P^-y{P, Q\T {J^{y)r{0)} |P, Q), (5) 

where T{ 0 i 02 } means that the operators product is temporally ordered. 

As has the same decomposition of it also has the structure functions lUi(a;, g^) 
and lU 2 (a;,g^). One can relate those structure functions, using the optical theorem, so: 


Ws{x^ q^) = 2ti Im UA(a;, g^); s = 1,2. (6) 

The description of strong interactions via quantum chromodynamics (QGD) is consensus 
across the scientific community, even at low energy limit {gyu > 1) where the QGD can not 
be treated perturbatively. 
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An innovative proposal to overcome this difficnlty is the anti-de Sitter correspon- 
dence/Conformal Field Theory (AdS/CFT) |2Hn]- This conjecture or duality relates a con¬ 
formal M = 4: super Yang-Mills theory (SYM) with symmetry group SU{N), with N —>■ oo, 
living in 3 -|- 1 dimensional flat spacetime (Minkowski) with a superstring theory in a 10- 
dimensional curved spacetime known as anti de Sitter space which can be mathematically 
described as AdS^ x S^. From general arguments of the AdS/CFT conjecture one can see 
that there is an isomorphism between the Hilbert spaces of the bulk and boundary theories. 

The SYM theory at the boundary has a continuous spectrum of particles, which is a con¬ 
sequence of its conformal symmetry. Due to this symmetry, the AdS/CFT correspondence 
can not be used directly in the study of hadrons because in general one can not define an 
S matrix for this problem. Polchinski and Strassler [7] studied glueball scattering in four 
dimensions using the AdS/CFT correspondence and proposed that this scattering would 
correspond to a finite region of the AdS^ space, thus the conformal invariance should be 
broken. In the works pin] a cut off at a certain value of the radial 2 ; coordinate of 
AdS space was introduced and and it was considered a slice of AdS space in the region 
0 < 2 : < Zmax with a boundary condition at z = Zma.x- Moreover one can associate the size 
of AdS slice with the energy scale of the QCD: 

^max T • (7) 

JtqCD 

This model is known as the hardwall and although it has an abrupt infrared cut off it 
proved quite promising and some interesting results were found [T0HT3|. For the DIS, within 
the hardwall context, some important results have been achieved [miT^ . 

The softwall model (SW) arises with the aim to make the breaking of the conformal 
invariance with a softer infrared cut off. This model is quite interesting because it provides 
linear Regge trajectories for mesons and glueballs [201 EH- These phenomenological models 
are known generically as AdS/QCD models. 

In this present work the structure functions will be calculated for the DIS using the 
formulation of AdS/QCD in the softwall model. Other studies for DIS have been discussed 
within the softwall model finding results consistent with the literature |22l ES] and for other 
DIS studies using holographic models see for instance |21H3S] . 

In particular, in ref. [22] the SW model was used to discuss the DIS problem in the 
large and small Bjorken parameters. Here, in this work, we extend this discussion to the 
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exponentially small Bjorken parameter. This is important because the exponentially small 
X regime is relevant to the discussion of saturation in QCD wich we will address here in 
the section V. This problem was discussed within the hardwall model in [TB]. Since the 
hardwall and softwall models have different spectra, in particular leading to different Regge 
trajectories, we want to study the saturation line in the softwall model to see if it leads to 
any different behavior. 

This work is organized as follows: in section II, we review the main properties of the soft- 
wall model and its description of the DIS process. In section III, we discuss the exponentially 
small X regime within the softwall model and calculate the corresponding structure func¬ 
tions. In the section IV, in order to emphasize our results found in section III, we compare 
then with the ones found in the literature. In section V, we use the results of the previous 
section to study the saturation line in strong interactions as implied by the softwall model. 
Finally, in section VI, we present our conclusions. 

II. THE SOFTWALL MODEL AND THE DIS 

The holographic SW model was proposed originally for the study of vector mesons |2U] and 
subsequently extended to glueballs m The SW model introduces a decreasing exponential 
factor in the action for the helds by phenomenological motivation and to obtain a linear 
Regge trajectory. It is a natural extension of the hardwall model, that is, is an alternative 
way to break the conformal invariance in the boundary theory and, therefore, make it an 
approximate effective theory for QCD. In this model, the action for the helds found in the 
AdS^ X space will be [22]: 

S = j ( 8 ) 

where C is the Lagrangean density, 0 is a scalar dilaton held, g is the determinant of the 
metric qmn of the AdS^ x space, given by: 

d2 

ds^ = gMNdx^dx^ = -^{dz^ + rj^ydy^dy'') + R^dVt\^ (9) 

Z 

z is the holographic coordinate, dVt^ is the angular measure on S'®, R is the AdS^ space 
radius given hy R = with a' = (Regge slope). In particular, 

in ref. [20] h was shown that if the dilaton is written as: 

(j){z) = kz^ (10) 
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then, one obtains linear Regge trajectories. 

This new approach does not change the geometry of AdS^ space, that is, 0 < 2 ; < oo. 
However, it can be seen that the factor inserted in the action makes the integrand 

becomes increasingly closer to zero as the value of z increases, unlike the abrupt behavior of 
the hardwall model. The constant k has dimension of mass squared and is associated with 
the QCD scale. 

In this work we use indices M, N, - ■ ■ to refer to the 10—dimensional space, separating 
into /i, z/, ■ • • for the Minkowski spacetime at the boundary of AdS^, on AdS^ 

and a,b, - ■ ■ on S^. The quantities who live in 4—dimensional spacetime will have their 
indices raised or lowered using the Minkowski metric = (—1,+1,+1,+1). The indices 
M, N, - ■ ■ - will be raised or lowered using the 10—dimensional metric. 

The ref. m showed, using the hardwall model, that the tensor given by ([^ can be 
decomposed as the sum intermediate states X with mass Mx produced in the collision, 
then: 


ImT^" = 7r5^(P,Q|J"(0)|P.,X)(Px,X|>(g)|P,Q) 


Px,X 


Y, KMl + [P + g]2)(P, Q| J"(0)|P + g, X)(P + g, X| J'^(0)|P, Q) (11) 


X 


whose matrix element (P + g,X| J^(0)|P, Q) represents the vertex of the interaction of the 
virtual photon of momentum g with the initial hadron with momentum P and the hnal 


hadron with momentum Px = P + g. In the eq. (11) J^(g) represents the Fourier transform 
of J^{x). 

The vertices can be mapped to certain terms of interaction in supergravity. In the case 
of scalar hadrons the relevant interaction term to supergravity is associated with a Kaluza- 
Klein gauge held Am = {Afj_,Az), which does not depend on the coordinates of space, 
and two scalar helds <!>* and <I>x related respectively with the initial and hnal states of 
hadron. This relationship between the matrix element of the gauge theory and supergravity 
interaction term is presented in [Hj , and is given by: 

V,{Px,X\J^{q)\P,Q) = (27r)V(Px-P-g)77^(P + g,X|J'^(0)|P,Q) 

where is the photon polarization and the states $ can be decomposed as 

HVn, n), 


( 12 ) 


(13) 
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a plane wave with 4—momentun in the fonr physical dimensions times a fnnction of the 
other six dimensions. 


Here, in the SW case, there is a modihcation in (12) dne the dilaton backgronnd held. 


Then (12) can be written as 


V,{Px,X\J^{q)\P,Q) = {27ry6\Px-P-q)v,{P + q,X\J^mP,Q) 

= iqJ - ^xdm^i) ( 14 ) 


An important observation is that the helds and $ in (14) are not the same as the 


ones fonnd in (12) since they have been modihed by the introdnction of dilatonic held. As 


a conseqnence, the solntions presented in (14) will involve the conhnent hypergeometric 


fnnctions instead of Bessel fnnctions, as in (12) 


The action for a massless gange held in the SW model is given by: 

S = -j 

which leads to the following eqnation of motion 

f””| = 0 


(15) 


(16) 


or explicitly: 


□A, - d, [a^A^] = 0 





□A^ + ze’^^'d. 


- 


Z 

+ d, (p"“A„) 


with bondary condition 

z^O) = yi.e"’-’ 


0, (17) 


(18) 


that represents the insertion of an operator ri^J^^{q). The gange held satishes Maxwell’s 
eqnation D'^Fmn = 0 in the AdS^ space, where D'^ is the covariant derivative and Fmn = 
dmAn — dnAm- Clioosing a snitable Lorentz-like gange: 


e 


'a 


^—kz^ 


-A, 


+ d, = 0 , 


(19) 


the held eqnations are: 

A,(2/^z) = Ae*^-"zW(l + |^;l;A)z2) 

Ak 

A^{y^, z) = Pxy ^2 U{1 + p, 2; kz^) (20) 
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where W(1 + 1; kz^) and W(1 + 2; kz'^) are confluent hypergeometric functions of the 

second kind and A and are parameters to be calculated in the following. 


To And we used the boundary condition (18) and the following relationship, with 
z ^ 0, so that 

-(K-t-. (21) 


W(1 + —y'i 2; kz ) —y - 2 

4C ’ r(i + g) 

2 

Then one gets = r]^kT{l + ^). So is given by: 

A.ir, z) = ,,,kr(l + ^) e*’ ” 2 " M(1 + A 2; kz^). 


( 22 ) 


Using this results in (17), one gets A = ^ r(l + so that, is given by: 


MV^. ^ r(l + T) 2 1Y(1 + A 1; fei). 


(23) 


Looking at the expressions (22) and (23) one can realize that both potential decreases 


rapidly for the following situation: 


1 + — ] kz^ > 1. 
Ak 


(24) 


Therefore, one can define an effective maximum for the radial coordinate 2 ;, which is inde¬ 
pendent of cut off scale k, then: 


^int 




rsj — 


(25) 


For the scalars fields from ([^, with C = one has the action 

S = f d'°x^g + mlt^) 


(26) 


which leads to the equations of motion, up to a multiplicative constant factor 


dm[e~^" = 0 


(27) 


The introduction of mass is made to adjust the conformal dimension A of the held asso¬ 
ciated with the hadron. According to the holographic dictionary, the conformal dimension of 
on operator is related with a p—form by the following relationship: R^m\ = (A—p)(A-|-p—4) 
j. For a 0—form, R^ml = A(A — 4). 










Making explicit the dependence on z coordinate, one can write: 


1 

a'<*] + □» - = 0. 


(28) 


Using the ansatz for the scalar held (13) and the following normalization conditions 






= 1 


(29) 


one can get normalizable solutions, given by: 


z, n) = 


2k^-^T{n + l) 


1/2 


^ip.y 


_ r(n + A - 1) J 

where L™ are the associated Laguerre polynomials with order n, with n > 0. 
As was shown in [22] one can obtain the following relationship: 

A 


(30) 


(31) 


where = m\ are the masses of the hadronic states. Then, assuming that the initial hadron 
with momentum p = P has the lowest mass in the spectrum (n = 0) equals to a/2/cA, it 
follows that the initial state of the hadron is given by: 


z, Vt) = 


2k 


A-i ni/2 


z^ m) 


(32) 


Lr(A-i). 

In the case of hnal state with momentum p = Px, one can establish a similar relationship 


to (31) given by: 


where Px = P + q = —s. 

Thus, the hnal state of hadron can be written as follows: 


(33) 


'ix(yp, z, ! 1 ) = 


2fc^-'r(A - f + 1) 

r(a + f-i) 


1/2 


_ .A iA-2(j,.2) (34) 


As the last step in this section it is necessary to establish now how to represent the 
exponentially small x regime that will be studied in this work. The energy scale for the 
DIS is given by, s = —{P + qY ~ (x ~ holographic relationship between the 

momenta in string theory and momenta in gauge theory is given by p^ = p^ z/R, where p^ 
is the momentum as seen by an inertial observer placed in 10—dimensions. The quantities 
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for 4— dimensional gauge theory are written without tilde and quantities with tilde denote 
10— dimensional objects. From this, one can write the following relationship: 


ex's — exs—^ + + Vq-V^ 


< T 


(36) 


X [a'A'ieggNy/'^ 

Assuming that the interactions occur effectively in the region 0 < z < z-mt, with given 


by (25), the above inequality implies that: 


/- < 
a s ~ 




X 


(36) 


This relationship tells us that the DIS energy scale in the framework of string theory s 
has a maximum determined by the Bjorken variable x. The regime to be studied in this 
work is dehned as x ~ exp{—^/gsN). 


III. THE EXPONENTIALLY SMALL x REGIME IN THE SOFTWALL MODEL 


The DIS in the exponentially small x regime is characterized by multiple pomeron ex¬ 
change represented by gravitons in de AdS/CFT correspondence [T4] . 

The dominant contribution at high energies to the strings scattering amplitude in the 
10—dimensional SW model is 


^string = / 


.string 


(37) 


which is identihed with the amplitude of forward Compton scattering in four dimensions 
with the following form: 

r],r],T>^'^{27rY5\q - q') = 5,tring. (38) 


In (37) one can identify £eff,string = (/CG')|t=o, where /C is a kinematic factor and G is the 
Virasoro-Shapiro factor for closed strings in a 10—dimensional Minkowski space, given by: 


G 


Then, one can write (37) as 




64 


TT r(-Q;^^/4) 

F(l + a'e/4)' 

^=S,t,U 


^string = Ij 


(39) 


(40) 
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where are the Killing vectors of the compact space (or generically W), is associ¬ 
ated with an incoming photon with 4—momentum and outgoing with 4—momentum q'^ 
and <h represents the incoming and outgoing scalars state with 4—momentum and P^, 
respectively . 

The condition x « 1 implies P -q » » P^, then the dominant contribution comes 


from the first term in (40) corresponding to (P ■ when m = fi and p = u. Then: 

^string = lj v^a O^^-P) d^^P) P^"(-g') P,„(g) ^1^=0 (41) 

Using the Stirling approximation for the Virasoro-Shapiro factor and performing an ex¬ 


pansion around t = 0 the expression (39) can be written as: 

a'P/2 


G = - 


1 / 7ia's\ 


a's 

- -I- TT cot -;— 



[t V 4 


4e 


[1 + 0{aT)] 


(42) 


As JC is real, the imaginary part of S'string is determined by the imaginary part of 
Then the imaginary part from excited strings is 


ImGIt^o «'5/4)(m; 


a't/2 


(43) 


m=l 


It is important to note that in (43) the last factor, i.e., the small-angle Regge behavior 
of the string amplitude, becomes important for ultra small x since the variable t in ten 
dimensions is not exactly zero even if t = 0. This occurs because t includes in addition 


derivatives in the transverse direction just like s as can be seen below in Eq. (45). Although 
i is small on the string scale, of order its effects becomes large for exponentially 

large s or equivalently to exponentially small x. 

Following the prescription given in [T3] by inserting averaging over the 


delta functions in (43), since s cx 1/x as can be seen in (36), and replacing t as a differential 
operator acting on the t channel, then: 


ImGli^o = «'s/4)(x) 


-a'V2/2 


(44) 


m=l 


The Mandelstam variables in the 10—dimensional space, t e s, are related to the variables 
t and s of 4—dimensional space by 


a 


's = a's^ {-Szd^ + V^) 


P2 R2 
~ cy^ 

+ m (“3^5^ + z'^dl + V^) 


(45) 
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Assuming that everything is smooth in the radial direction, therefore, zdz = 0{1) and 


the dimensionless Laplacian on W is assumed to be similar to 0(1), then, using (45) one 


gets a's = a's{z^/R^) plus corrections of order a' /~ {ggN) which for excited strings 
states can be neglected compared to the integer m in the delta function. Following this 


reasoning one can write (43) as follows: 


IniG|i_^o ~ ^ - 




m=l 


4i?2 


-)(a:) 


(46) 


Finally, one can write (41) as 


Tm 9 

<Jstring — 


' r 

- E / 

m=l 


V^Va 


a s z 


X a^<F(-P) a"<F(P) P^"(-g') P,„(g) 5{m - ^^)(a;)-“'^ (47) 


The helds strengths will be calculated as solutions of the gauge helds given in (22) and 


(23), so that 


Po^ = - d„A^ 


■'u-^ ■‘■/i. 




kz^ lA [l + 2; kz^ 

' Ak 




(48) 


Making the following substitutions: X = /cx^, 2 ; = \/X/k e = 2 X^l^^dx-, then: 




XW(1 + |^;2;X 


Using the following property of confluent hypergeometric functions: 

X dxU (a, h, x) = {1 — h)U (a, 6, x) — (1 + a — 6) 7/(a, 6 — 1, x) 


(49) 


one can write (49) 


Po^ = W (^1 + 1^; 1; kz^'^ ^ + Ifc) i 

For the second held strength: 

F ^1/ = d^Ay dyAfz = ig^Ay iqyA^ 

9 " . ,..2^ ,„2 


(50) 


= i U[l + —]2]kz \ T A + — ]kz [q^r]y - QyT]^] 


(51) 
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Using (50) and (51) one can compute: 


= (52) 

regrouping some terms one finds 

q') (53) 


by defining 


«.V).j;rpg)rp£)|y(,.t,:... 

X [-^'V + q'^iq-v)] [-q^Vu + qu{q-v)] + 

X w (l + ^; 2; W + 1^; 2; - q'^r]'^] [q^r]^ - q^'q^,] I (54) 


by: 


For the scalars states one can use the solution to initial states showed in (32) and is given 

(55) 


<I>i(P) = a e‘'’» iiO) 


where a = 


2k‘ 


.-1 1 1/2 


r(A-i) 


(l/i?‘^), SO that 


a^<F(-P)a^<F(P) = -iP^ a z^ — iP'' a F^y z^ V'(^) 


y2A + 2 


= a 


= a 


P2 

y2A + 2 

~w 


|V’(12)|2P^P-<F(-P)<F(P) 
p^p"^ r<F 


(56) 


By replacing (53) and (56) in (47), one gets: 

?io 


C _ 

im Ostrmg « 


/ ^ r DlO 

■ ^ V-gw 

rn=l y 


2A+2 

6-"=^ nV \ij{n)\ P^P^ 


P2 


/ 2 
a s z 


X F^y-y'^y G0(g,g') 6{m - <l>*<h 


4P2 


(57) 


The nabla operator in the exponent is indeed the Laplacian which describes diffusion into 
the hfth dimension for the spin 2 exchanged graviton. This operator appears due to the fact 
that there is a hnite amount of momentum transferred into the z direction, although the 
momentum transferred in four physical dimensions is strictly zero USE]. 
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According to [16], one can write: 




2 ; 


2 ; 


(58) 


with VJ = (1//BI) 4[/&l 9 “ ft)- 

For the following redefinition (3 = 111 (^ 0 / 2 ;^) with z = QR^ and zq = AR^, one gets: 


then 


(3,)-a'VV2 ^ ^ 


where we used (59) and the fact that <Fj ~ ~ e as was showed in (55). 


We will use the following normalization, 

j d^Q:y/-gw n“na|'0(n)p = pR'^ 

where p is a dimensionless quantity. 

Integrating (57) over (Ry and using (60), one can write 


Im 5. 


string 


R P,PR 27 i)H{q-q') 


00 « 

m=l d 


/ 2 
a s zR 

AR^ ' 


Expanding the delta function in (|62|) as follows: 
5(rn — 

then 


a's z^ 
4i?2 


) - W(^)) - E - 


) — 




Rsz^ 2i?2 


(59) 


(60) 


(61) 


(62) 


i(2 - 9m) (63) 


(64) 


One can note that nsing (35), 2m, given by 2m — 2R^m/a's can be approximated as: 


2m 22 - (4xc/sAt)^l‘* 

q 


(65) 
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Using (54) and (64) in (62), one gets: 


Im S'string = (27r)^5(g - q) rj^rfu 


TT 


pR^{x) 


«'id/2 




4s 


X 


E 

^ m=l 
oo 


o 72 A + 2 
-fczl, 7/2 




M P-(l M 


1- 

F-yr 


1 

0 1 

"9 



L y J 


/ 2 \ 
^2 ^ ^^A+4 ^2 / ^ ^ 2- j 

m=l 2 


X 


//!/ _ 




p.q 


(p.q) 


-p^p 


With (38) and (65), one obtains: 


where 


Im ^ 

4s 4x^ 


q^q^ 

nv _ H H 
I 9 

qz 


Xo 




qfj- 

2x 


u , ? 


4x-^ I I, + p 


( 66 ) 


(67) 


= jr2(j) Ee-‘*44+2i/'^(7;l;fc4) 

m=l 

00 

I 2 = fc"r"(i) ^ e-**»4'"+‘‘w4ii2ifc4) 


m=l 


by dehningj = 1 + 2^. 


Using (67) with a = 


2fc^-l 

r(A-i) 


1/2 


( 68 ) 

(69) 


(l/R^), one can write the structure functions (6) as: 


ir'^pk^ ^ 

= 47474-77 -7- X 2 


lUo = 


4r(A - 1) sa:2 


4r(A - 1) sx2 


(2i7) (Ii + p 


(70) 


These are the structure functions for DIS within the softwall model in the exponentially 
small X regime. This is the main result of this section. 

In the next section we are going to compare this result with others known from the 
literature. In section V, we are going to use this result to discuss the saturation line in large 
N, QCD. 
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IV. COMPARISON OF THE RESULTS 


In this section we will to compare ours structure functions, IVi and W 2 , represented by 


Eq. (70) found in section III, using the holographic softwall model with the ones obtained 
by Polchinski and Strassler in ref. na within the holographic hardwall model. 

In order to do this comparison, we will rewrite the expressions of Xi and I 2 , given by Eqs. 


(68) and (69) since the structure functions, Wi and W 2 , are dependent of these expressions. 

So, let us start using the following property for the confluent hypergeometric functions 
of the second kind: 


lim U{j]b]- 


j—^ + 00 

(g2^+oo) 


Cr, 


= lim 


j — 1/ i-s-+oo r(i + j — b) 




(71) 


with b = 1,2, (rn = {‘iTiggNy^'^mx and Ki_i{T) are the modihed Bessel functions. Then 
Crn = (j - l)kzl = ^ < 


For Ii, given by (68), one has 


lim Xi = 

J- + 00 

(g2^+oo) 




and then 


Xi 


r 21 —A —1 00 


Al( 2 yu). 


(72) 


(73) 


m=l 


In a similar way for X 2 , using r(j) = (j — l)r(j — one gets 


r 91 —A 00 




(74) 


m=l 


One can further approximate the series in (73) and (74) by integrals with the following 
substitutions, as showed below. 

For Xi, for instance, one has: 

21 —A—1 00 


4 


7f„"(2y5() 


m=l 


2-|-A-1 „oo /7/!2 \ 

/ dm ( ^ 


'1 


or 


Xi 


4 


-A-l 


1-A-l 


dWm Kl{Wm) 


2x 

where Wm = 2v4n and Wi = 2{A'KgsNy/^i/x. 


K^{wm) (75) 


(76) 
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Now defining: 

then one can write 

2A+3 = 


^0, 2A+3 = / dWjn Kliwjn) 

J Wi 


dWm 1^0 (Wm) “ / dWm 


f*Wi 


2A+3 


= If 


0, 2A+3 




Now one can get a suitable expression for Xi, given by: 

,-2A-2 


h 


q 


I 


0, 2A+3 


- |2(4;r9,iV)'-'‘‘\/5]“+* lnt2(4T9Ay■‘^/^ ] 


(77) 

(78) 

(79) 

(80) 


[AnggNy/'^ 2x 

This equation represents the difference between the structure functions at exponentially 


small X calculated from the softwall model to the hardwall model. In fact, Iq, 2A+3, Eq. (78), 
gives the contribution from the softwall model, while Xq, 2A+3 represents the contribution 
from the hardwall model. So, the difference on the structure functions resides on the second 


term in the r.h.s. of Eq. (79). Since in this work the regime of interest is the exponentially 


small X, it is clear that the second term in (79) becomes negligible, then it follows that: 


-0, 2A+3 — Iq, 2A+3 


(81) 


and the structure_ 

Eq. (73) can be written as 


Then 


functions of the two models are approximately equal at very small x 

^rrittpn pc: 

(82) 


9 “ ^ T 

~ - 7^ -Lq, 2A+3 

2x 


^ (AirggNy/"^ 
essentially the hardwall result 
iffoiislv for Xo one can a.nnroxiT 


which is 

Analogously for X 2 one can approximate: 


X 2 ^4 
by dehning 

then 




-A 00 




m=l 


-2A rex 

i+i (2 V^) ^ jyyyjyyj^ £ 


'OO 

dWm Kl{Wm) 


II, 2A+3 


poo 

/ dWmW'^^"^'^ Kl{Wm) 

/ Wi 


(83) 


(84) 


II, 2A+3 


POO 


J eflTm 9'“*’ Klivim) ' 

^ \2(i7rg.NYI*Xi 
2AT2 


'W\ 

dWm Kf{Wm) 


41, 2A+3 — 4i, 2A+3 


(85) 

( 86 ) 
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In the above approximation we used the same reasoning as that for obtaining Eq. (81). 


The equation (85) represents the difference between the soft and hardwall models for the 


structure function W 2 . The second term in Eq. (85) is explicitly this difference and is very 


small for very small x. Then, Eq. (74) can be written as 

,-2A 




(47rgsN)^/^ 2x 


^ 1 , 2A+3 


where 


T = 

-^r,s — 


. .,.- 2 , > r(^ + r) r(^ - r) r 2 (^±i) 

aw w (w) = 2^ ’ ^^^— 

^ r(s + l) 


(87) 


( 88 ) 


With these approximations one can rewrite the softwall structure functions at exponen¬ 


tially small X regime given by (|70|), as 
Wi{x,q^) 

W2{x,q^) 


TT^P [x) ^+“'hl/2 / 

8 (47rc/,Ar)V2 r(A - 1) \q^ 

Tl'^P (x)“^+"'hl/2 / p 


A-1 


^ 1 , 2A-I-3 


4 {iTig.Ny/^ r(A - 1) 


A-1 


2A-I-3 + ^ 1 , 2A+3) • 


(89) 

(90) 


Computing the ratio of these structure functions one hnds 

W2{x,qy ^ 

^ 2^ ^0, 2A+3 + 2^1, 2A+3 


wyx,qy 


-1, 2A-I-3 


Using Xo,n = 


so that, one has: 


^0,2A+3 


W2{x,qy 


2A + 2 
2A + 4^ 


X 


l,2A+3 


2x 


2A + 3 


(91) 


(92) 


(93) 


Wi(x,q^) V^ + 2 

One can note that this ratio is the same found in [H] using the hardwall model. There 
is a small difference between the structure functions in the soft and hardwall models. This 


difference can be seen for instance in Eq. (79). The hrst term in the r.h.s. of this equation 
gives exactly the contribution that is equal to the one from the hardwall model. Then, the 


second term in Eq. (79) gives the difference between the two models. But this term is 
proportional to and since x is exponentially small, this difference is also exponentially 

small. 
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V. THE SATURATION LINE IN THE SOFTWALL MODEL 


Another question that can be analyzed from the DIS in the exponentially small x regime 
within the softwall model, concerns the saturation line in QCD. This study was done previ¬ 
ously in [16] within the hardwall model. 

The saturation is an interesting issue in QCD, because in a QCD phase diagram, r — (3, 
where r = Inl/x and (3 = InQ^/A^, the saturation line represents a transition between 
weak and strong scattering regions. The saturation line can also be understood, for a fixed 
virtuality Q, as a transition between linear and non-linear regimes. 

The saturation line is related to a saturation scale, Qs(x), where Qs(x) is the satura¬ 
tion momentum, which can be roughly express as Qs(x) ~ x~^, where A is the saturation 
exponent. The Figure 2 summarizes some important informations about the saturation in 
QCD. 



Figure 2: Map of high energy QCD. 

The dashed line represents the saturtation line and the region bellow to this line represents 
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the region where the scattering amplitude (T) is weak, i.e, T << 1. The above region 
represents the strong scattering amplitude region, i.e, T ~ 1. The scattering amplitude T 


will be dehned in Eq. (101). 

Looking at the Figure 2, one can see in a schematic form the typical conhguration of the 
protons (great circles) in different positions of the phase diagram. Considering initially for 
a low energy and low virtuality, the proton can be seen as formed by three partons (small 
circles). 

For a hxed energy and increasing the virtuality or resolution Q^, the number of partons 
increases while the size of gluons decreases, in fact, the number of partons increases logarith¬ 
mically while the size of gluons decreases as ~ 1/Q^, so that the proton becomes more and 
more diluted. This evolution is described in QCD by Dokshitzer-Gribov-Lipatov-Altarelli- 
Parisi or DGLAP equations |10Hl2]. 

On other hand, for a hxed and increasing the energy one can note a quickly growing 
in the nunber of partons, but keeping the same size, resulting in an increase in density 
inside the proton. This evolution is described in QGD by a linear equation, known as the 
Balitisky-Kuraev-Fadin-Lipatov or BFKL equation [IHl - HH] . 

If the energy is still increasing (hxed Q‘^) one has to take into account non-linear ehects 
which are described by the Balistisky-Kovchegov or BK equation [IHIIIT], and the Jalilian- 
Marian-Iancu-McLerran-Weigert-Leonidov-Kovner or JIMWLK equation pSllSS] . 

After this quick revision, let us start our analysis performing a change of variables in the 
metric given by such that: 


then 


u = —; 0 < M < oo 

2; 


R? , 2 


ds = qmn = -^du + -^{Vfiudy'^dy'') + R c/Gg. 




(94) 


(95) 


Moreover, from the expression (57) it is clear that the structure function is proportional 
to the term shown below: 

1 ^ 2 ( 0 ;, g2) oc (a:)“'^'/2<h*<h. (96) 

Such term, will be in fact the relevant one for the discussion of the saturation line. 

Using the following substitution, r = In (l/x), where the rapidity r can be interpreted as 
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the evolution time, one can rewrite (96), with the following spectral decomposition: 


/^2 

1 I Q: V 
1 \ 2" 


X 


$*(«)$(«) = - / dn'(n|e^|n)|<h(n')P 


X 


Using (59), with (3 = \n{u^/ul), where u = QR^ and uq = AR^, then, one gets: 


Then using the integral representation of the heat kernel we have: 




'/M2 


(97) 


(98) 


(99) 


where \ = R^/a'. 


Solving the Gaussian integral in (99), one gets: 




dl3'e 


_Ktd^P_±_ _^Q/ 

4Dt g 


2VtiDt Jo 

where we dehned (Uq = 1 — 2/a/A, D = 2/\/A, and we also used the fact that |<h(/d')p 


( 100 ) 


u 


-2A 


e . The equation (100) shows a Pomeron-like particle with an intercept 1 + a;o = 


2 — 2/ in accordance with 

At this point, there is a valid comment to be made. Holography usually works in the 
iVc —)■ oo limit. In order to obtain corrections with a hnite number of colors one has to 
consider quantum corrections to the gravitational action. For instance, Wilson loops with 
hnite W corrections have been proposed in [561 - 158] . 

In this work we are considering a simple AdS/QCD model with large A/- But, from 
a phenomenological point of view, inspired in QCD results, we introduce a factor 1/A"/ 


assuming a hnite Nc and rewrite (100), to obtain the scattering amplitude: 


T{(3,t)= d/3'To(A/?',r) |«I>(/3')/, 

Jo 


where 


To{/3,/3',t) = 




( 101 ) 


( 102 ) 


Then, using the unitarity bound limit To{(3,(3',t) ~ 1 and neglecting the effects of pre¬ 


factor l/(2-\/ tiDt) in (102) one gets: 




{[3-13'f = ADt [-InN^ + uor] 
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and finally to /3 = (3s{(3',t) 


I3s{l3\ r) = /?' + \/ADt [- In iV^ + uqt ], 


(103) 


where one can define jisoij) = \/^Dt [— In+ ujqt]. 

The above resnlt can be nnderstood as the elementary scattering amplitnde between states 
located aronnd f3 and (3' in the single-pomeron-exchange approximation. In this scenario, 
the nnitary bonnd determines the satnration line for a dilaton localized at /?', so one can 
write: 

t)= (3' + I3so{t) (104) 


where (3so{t) refers to a dilaton located at n ~ mq, with uq = Using (103), one can 

infer the critical valne of the parameter r, given by Ter = (l/i^o) IniV^. 


The expression (103) is valid for the regime 


Ter < T < Tci with Te — Ter — 2 ln 


(105) 


Using the single pomeron approximation, one can compnte Eq. (101) with corrections 
for nnitarity violations, snch that for t > Ter, one can write 

r3-3so 


T(Ar)~ 


+ [ dl3'e-^^' 

Jp-psO 


(106) 


Althongh Eq. (106) was dehned for weak amplitnde regime, i.e., T{/3,t) <C 1, one can 
extrapolate its nse to the vicinity of the nnitarity limit T ~ 1 in the same sense as disenssed 


in |T6] . Dne to this, the second integral in (106) refers to the dilaton contribution for large u 


valnes and has a trivial solntion. The hrst integral in (106) contains the dilaton contribntion 


for small valnes of u which are weakly scattered for the 7?.—bosons. The overall amplitnde 
is dominated by components living the infrared entoff, as well as in the pertnrbative QCD. 

The integrand of the hrst integral becomes maximnm for (3' = (3 — 2ADt, bnt for (3 < 
2ADt the integral is dominated by its lower limit /3' = 0, then 




(107) 


For /3s — (3 so{t) the amplitnde in (107) becomes of 0{1). 


The calcnlations performed in (107) were based on the condition /7 < 2ADt, which 


implies in /3s < 2 ADt or /3so < 2 ADt. Then, nsing (103), one can dehne 
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(108) 


Td = 


\nNl 


InA^s 


ojQ - DA^ 


(2/yA)(A2 + l)' 


For values of r < the second term in (107) is suppressed by the hrst, then 


T(/3,r) ^ 


(109) 


with f3 < 2 ADt. In this regime, the scattering is governed by dilaton component near the 
infrared cutoff, given by uq = KR^. 

For values of /3 > 2ADt, still keeping r < Td, one gets 




( 110 ) 


The amplitude in (106) can be replaced by (109) because the expression found in (107) 


can not be considered for large values of r and (3. Then, to take into account the unitarity 
bound, one can write 


T(/3,r)^ 


^e^oTg jf ^ 

1, if ^ ^ a(/^) 


( 111 ) 


where Ts{/3) is the saturation line expressed as a function of /3. One can also understand 
Ts{/3) as the rapidity at which the unitary corrections become important on the resolution 


scale fixed by (3. From (103) one can check that 


aW) = 


\nN^ 

2Un 


+ 


flnN^\ 


+ 


(3^ 


ADojn 


( 112 ) 


From the set of equations (103), (108), (111), (112) and the condition (105) one can plot 


a phase diagram in the kinematical plane t — (3, with r = ln(s/Q^) and f3 = ln(Q^/A^), for 
a deep inelastic scattering in the high energy limit and strong coupling when In ^ a/A. 

These results are in agreement with those found in [16] for the saturation line using the 
hardwall model. 

VI. CONCLUSIONS 


The present work was based on the use of the AdS/CFT correspondence to circumvent 
the difficulty of studying physical phenomena outside the perturbative regime of QCD. In 


23 


















addition, this work can be seen and understood through two main goals. The hrst one is 
the calculation of the DIS structure functions at exponentially small x, shown in section III, 
and the second one is a study of saturation line, shown in section V. In both cases, we used 
the holographic approach of the softwall model in ten dimensions. A comparison between 
the structure functions from the soft and hardwall models was given in section IV. 

The exponentially small x regime is very interesting because it implies non-local modih- 
cations of the structure functions with the inclusion of a power differential operator in the 
t channel, in ten dimensions. This Regge factor is not trivial because although the four¬ 
dimensional t vanishes, the ten-dimensional t is not zero, including derivatives in transverse 
directions. Although i is small in scale strings of the order of its effects become 

large for exponentially large s or equivalently to exponentially small x. 

The choice of the softwall model was due to the fact that this model provides linear Regge 
trajectories, unlike the hardwall. 

Another question that can be analyzed from the DIS in the exponentially small x regime, 
and that is the second objective of this work, concerns the study of the saturation line. 

In the work Hg the hardwall model was used in the exponentially small x regime within 
the DIS, to study the saturation line obtaining a phase diagram similar to the one expected 
for QCD. 

The study made in this present work aimed to investigate if the introduction of a dilatonic 
scalar held in the the gauge helds, which is a softwall approach requirement, produces some 
modihcation in the phase diagram found in [12]. By the arguments used in Section V, the 
softwall gauge helds can be perfectly used for this study and we found a similar form of the 
structure functions W 2 {x,q‘^). 

We have also seen in section IV that the DIS formulations of hardwall and softwall are 
equivalent up to exponentially small terms thus supporting the results found in [T3] and 


In particular, this can be seen explicitly in Eqs. (80) and (85) where the softwall 
contributions are expressed in terms of hardwall contributions plus corrections of the order 
of with A,n > 0. So, the diherence between the structure functions of these models 

at exponentially small x are negligible. Then, we conclude that the IR diherence between 
these two models are not important for exponentially small x physics. 

Finally, it would be interesting to investigate if corrections of the order of l/A'j. could 
modify these results. A possible way to include these corrections may be inspired in the 
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works [56] - l58] where 1/Nc terms were considered in the calculation of Wilson loops. 
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